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Abstract

This paper explores the heterogeneous quadropoly game, aiming to examine the stability conditions of
equilibrium points and the emergence of complex dynamics. Four firms with distinct strategies—two
naive, one adaptive, and one bounded rational—are modeled within a linear discrete-time dynamical
system. Using the Jacobian matrix and Schur-Cohn criterion, we find boundary equilibrium points to be
locally unstable, while Nash equilibrium stability depends on the adaptive firm’s adjustment rate. This
research extends traditional oligopoly models, providing insights into strategic decision-making and profit
maximization in complex oligopoly markets.

Keywords: Bounded rational, Adaptive strategy, Naive, Equilibrium, Discrete Dynamical System,
Jacobian matrix, Schur Cohn Criterion.

1|Introduction
Oligopoly is amonst the oldest discipline of mathematical economics. The first mathematical model of oligopoly
was proposed by Cournot[1].Game theory is the eminent perspective to review oligopoly. Oligopoly is a system
where few firms rule the market and make strategis to earn the profit[2].Many researchers have considered
different aspects related to Oligopoly [3, 4, 5, 6]. There are many studies about the stability analysis in duopoly
and triopoly [7, 8, 9, 10]with homogeneous expectations. Impact of heterogeneous expectations on equilibrium
has also been topic of interest for many scholars[11, 12, 13, 14].There are eminent studies which draw own
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attention on complex dynamics of non-linear models in oligopoly [15, 16, 17, 18].Quadropoly is that part of
oligopoly market system, where four firms are involved in profit maximization venture. An economic system
becomes more realistic when the number of firms in the system is large. A dynamical system, in which more
players are involved, is more complicated and more interesting. In this paper, a linear discrete-time dynamical
Quadropoly model with heterogeneous strategies are formulated and conditions for the stability of fixed points
are discussed.

In the underlying model of Quadropoly, the underlying assumption is that first and second firms are naive, third
firm is adaptive and fourth one is bounded rational.

2|Quadropoly Model
Let there be four firms and xi(t) , i = 1, 2, 3, 4 be output produced by ith firm at any time t. Inverse demand
function is Y = a − bX.
X = x1(t) + x2(t) + x3(t) + x4(t) represents total supply of the market.Let ci ,i = 1, 2, 3, 4 be the marginal cost
of production of the ith firm. Profit function of the ith firm is
πi = xi(a − bX) − cixi,i = 1, 2, 3, 4
Here xi is written in place of xi(t) for the sake of simplicity.
Marginal profits of all the four firms are:
∂π1

∂x1
= a − 2bx1 − bx2 − bx3 − bx4 − c1

∂π2

∂x2
= a − bx1 − 2bx2 − bx3 − bx4 − c2

∂π3

∂x3
= a − bx1 − bx2 − 2bx3 − bx4 − c3

∂π4

∂x4
= a − bx1 − bx2 − bx3 − 2bx4 − c4

Each firm wants to maximize respective profit. So value of output xi of the ith firm is found, for which its
marginal profit ∂πi

∂xi
= 0 , i = 1, 2, 3, 4

For
∂π1

∂x1
= 0, x1 = a − c1 − b(x2 + x3 + x4)

2b
(1)

Similarly,

x2 = a − c2 − b(x1 + x3 + x4)
2b

(2)

x3 = a − c3 − b(x1 + x2 + x4)
2b

(3)

x4 = a − c4 − b(x1 + x2 + x3)
2b

(4)

These are called reaction functions. Using the concept of maxima minima, it is found that for these values of
output, profit is the maximum. So, these are profit maximization level of output. So, Dynamical equations of
the first two firms with naive expectations are as under:

x1(t + 1) = a − c1 − b(x2(t) + x3(t) + x4(t))
2b

(5)

x2(t + 1) = a − c2 − b(x1(t) + x3(t) + x4(t))
2b

(6)

Third firm being adaptive, calculates level of output to be produced using weighted average of reaction function
given in equation (2.3) and level of previous output at time t .i.e. x3(t) . Dynamical equation of the third firm is

x3(t + 1) = (1 − α)x3(t) + α

(
a − c3 − b(x1(t) + x2(t) + x4(t))

2b

)
(7)
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where 0 ≤ α ≤ 1 indicates rate with which the adaptive firm adjusts output with respect to market conditions.
Fourth firm occurs to be bounded rational. Dynamical equation of bounded rational firm is

x4(t + 1) = x4(t) + βx4(t)[a − 2bx4(t) − b(x1(t) + x2(t) + x3(t)) − c4] (8)

3|Calculating Boundary and Nash Equilibrium Points with
Stability Conditions
For finding Boundary and Nash Equilibrium points of the linear Quadropoly game, it is required to
determine the non-negative fixed point of the system of nonlinear equations (2.5), (2.6), (2.7) and (2.8).
So, taking xi(t+1) = xi(t) , i = 1, 2, 3, 4 in each of (2.5), (2.6), (2.7) and (2.8) the system of equations is as under:

a − c1 − b(x2 + x3 + x4)
2b

− x1 = 0

a − c2 − b(x1 + x3 + x4)
2b

− x2 = 0

α

(
a − c3 − b(x1 + x2 + x4)

2b

)
− αx3 = 0

βx4[a − 2bx4 − b(x1 + x2 + x3) − c4] = 0

Solving the above equations, the values so obtained are:

x1 = a + c2 + c3 − 3c1

4b
, x2 = a + c1 + c3 − 3c2

4b
, x3 = a + c1 + c2 − 3c3

4b

Here

E1 =
(

a + c2 + c3 − 3c1

4b
,

a + c1 + c3 − 3c2

4b
,

a + c1 + c2 − 3c3

4b
, 0

)
(9)

is the boundary equilibrium point and

E2 =
(

a + c2 + c3 + c4 − 4c1

5b
,

a + c1 + c3 + c4 − 4c2

5b
,

a + c1 + c2 + c4 − 4c3

5b
,

a + c1 + c2 + c3 − 4c4

5b

)
(10)

is the Nash equilibrium point.
E1 has non-negative coordinates if 

a + c2 + c3 > 3c1

a + c1 + c3 > 3c2

a + c1 + c2 > 3c3

E2 has non-negative coordinates if 
a + c2 + c3 + c4 > 4c1

a + c1 + c3 + c4 > 4c2

a + c1 + c2 + c4 > 4c3

a + c1 + c2 + c3 > 4c4

With the purpose of checking the stability of the equilibrium points obtained above, the Jacobian matrix at the
equilibrium points are calculated below. Also, the Eigen values of the Jacobian matrix are calculated in the
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succeeding steps. Nature of equilibrium points will determine the stability of the equilibrium points. Following
is the Jacobian matrix:

J =


0 − 1

2 − 1
2 − 1

2
− 1

2 0 − 1
2 − 1

2
− α

2 − α
2 1 − α − α

2
−βbx4 −βbx4 −βbx4 1 + β(a − c4 − 4bx4 − bx1 − bx2 − bx3)


At Boundary equilibrium point E1 , Jacobian matrix is

J(E1) =


0 − 1

2 − 1
2 − 1

2
− 1

2 0 − 1
2 − 1

2
− α

2 − α
2 1 − α − α

2
0 0 0 1 + β(a − 4c4 + c1 + c2 + c3)


One of the Eigen values of J(E1) is 1 + β

4 (a + c1 + c2 + c3 − 4c4) > 0 as c1 + c2 + c3 > 4c4,
So boundary equilibrium point is locally unstable.
At Nash equilibrium point E2 , Jacobian matrix is

J(E2) =


0 − 1

2 − 1
2 − 1

2
− 1

2 0 − 1
2 − 1

2
− α

2 − α
2 1 − α − α

2
−βbx∗

4 −βbx∗
4 −βbx∗

4 1 + β(a − c4 − 4bx∗
4 − bx∗

1 − bx∗
2 − bx∗

3)


where x∗

1, x∗
2, x∗

3 and x∗
4 are the Nash equilibrium points.

Let γ be the Eigen values of , which are given by∣∣∣∣∣∣∣∣∣∣∣

−γ − 1
2 − 1

2 − 1
2

− 1
2 −γ − 1

2 − 1
2

− α
2 − α

2 1 − α − γ − α
2

−βbx∗
4 −βbx∗

4 −βbx∗
4 1 + β(a − c4 − 4bx∗

4 − bx∗
1 − bx∗

2 − bx∗
3) − γ

∣∣∣∣∣∣∣∣∣∣∣
= 0

So, Eigen values of above Jacobian matrix are roots of equation

γ4 + A1γ3 + A2γ2 + A3γ + A4 = 0

, where
A1 = 2 − α − αβ(a − c4 − 4bx4 − bx3 − bx1 − bx2)

A2 = (1 − α)(1 + β(a − c4 − 4bx4 − bx3 − bx1 − bx2)) − α

2 − 1
4 + βbx4

α

4

A3 = −βbx4

2 − βbx4α − βbx4α

8 +
(

α

2 + 1
4

)
(1 + β(a − c4 − 4bx4 − bx3 − bx1 − bx2)) + 1

4

A4 = −3α

8 − 1
4(1 + β(a − c4 − 4bx4 − bx3 − bx1 − bx2))

Schur Cohn Criterion shows that Conditions of local stability of Nash equilibrium points are:
1 + A1 + A2 + A3 + A4 > 0
1 − A1 + A2 − A3 + A4 > 0
1 − A4 > 0
(1 − A4)(1 − A2

4) − A2(1 − A4)2 + (A1 − A3)(A3 − A1A4) > 0

5|Conclusion
This paper examined the profit maximizing strategies of a game with four players using linear demand and
cost function.It revealed that boundary equilinrium point seems locally unstable given certain conditions.Nash
equilibrium becomes stable for defined speed of adjustment and apadptive player experience steady effect on the
market.It also established conditions of stability of Nash equilibrium points using Schur Cohn Criterion.



Quadropoly game with heterogeneous players 29

Acknowledgments
The authors would like to express their sincere gratitude to the editors and anonymous reviewers for their
invaluable comments and constructive feedback, which significantly contributed to the enhancement of this
paper.

Author Contribution
Bharti Kapoor: methodology, software, and editing. Shilpi Jain: conceptualization. Mehar Chand: writing and
editing. All authors have read and agreed to the published version of the manuscript.

Funding
The authors declare that no external funding or support was received for the research presented in this paper,
including administrative, technical, or in-kind contributions. Data Availability All data supporting the reported
findings in this research paper are provided within the manuscript.

Conflicts of Interest
The authors declare that there is no conflict of interest concerning the reported research findings. Funders
played no role in the study’s design, in the collection, analysis, or interpretation of the data, in the writing of
the manuscript, or in the decision to publish the results.

References
[1] Cournot, A. (1963). Researches into the Mathematical Principles of Theory of Wealth, Irwin Paper Back Classics in Economics.
[2] Sen, A. (2000). Theories of oligopolistics competition.Micro Economics –P (168). Oxford, UK: Oxford University Press.
[3] Puu, T. (1996, 1998). The chaotic duopolists revisited. Journal of Economic Behavior & Organization, 33, 385-394.
[4] Matsumoto, A. (2006). Controlling the Cournot-Nash Chaos. Journal of Optimization Theory and Application128.
[5] Singh, N. & X. Vives,(1984),Price and Quantity Competition in a Differentiated Duopoly Rand Journal of Economics 15,

546-554.
[6] Lu, J. (2017), Study of Informative Advertising Competition Model in Duopolistic Market with Relative Profit Object. Journal

of Service Science and Management 10,105-111.
[7] Bonanno, G., & Haworth, B.(1998). Intensity of competition and the choice between product and process innovation. International

Journal of Industrial Organization 16, 495-510.
[8] Rand, D. (1978).Exotic phenomena in games and duopoly models. Journal of Mathematical Economics, 5 (2), 173–184.
[9] Agiza, H.N. (1998). Explicit stability zones for Cournot games with 3 and 4 competitors. Chaos Solitons and Fractals, 9 (12),

1955–1966.
[10] Ahmed, E., & Agiza, H.N.(1998). Dynamics of a cournot game with n- competitors. Chaos, Solitons and Fractals, 9 (9),

1513–1517.
[11] Agiza, H.N.,& Elsadany, A. A. (2004). Chaotic dynamics in nonlinear duopoly game with heterogeneous players.Applied

Mathematics and Computation,149 , 843-860.
[12] Elsadany, A. A. (2017). Dynamics of Cournot duopoly game with bounded rationality based on relative profit maximiza-

tion.Applied Mathematics and Computation 294, 253-263.
[13] Yu, Y.(2022). The stability of a dynamic duopoly Cournot-Bertrand game model. Journal of Computational and Applied

Mathematics, 413 (5), 114399.
[14] Cao, Y., Zhou, W. & Chang, Y.(2019). Global dynamics and synchronization in a duopoly game with bounded rationality and

consumer surplus. International Journal of bifurcation and chaos, 22 (11) , 1930031(1-22).
[15] Hildenbrand, W., & Kirman, A.P. (1976). Introduction to equilibrium analysis. North-Holland: Elsevier.
[16] Ding, Z.W. , Hang, Q.L., & Tian, L.X. (2009). Analysis of the dynamics of Cournot team-game with heterogeneous players.Applied

Mathematics and Computation, 215 (3) , 1098-1105.
[17] Bischi , G. I. & Naimzada, A.(1999). Global analysis of a dynamic duopoly game with bounded rationality. Annals of the

International Society of Dynamic games ,5, 362-385.
[18] Bischi, G., Chiarella, C., Kopel, M. & Szidarovszky, F.Nonlinear Oligopolies: Stability and Bifurcations, Springer-Verlag.
[19] Bischi, G.-I., and Kopel, M.(2001). Equilibrium selection in an nonlinear duopoly game with adaptive expectations.Journal of

Economic Behavior and Organization, 46, 73-100.
[20] Matsumoto, A. , & T. Onozaki,(2005) “Linear Differentiated Duopoly with Heterogeneous Production Costs in Heterogeneous

Competition,” mimeo,


	1|Introduction 
	2|Quadropoly Model 
	3|Calculating Boundary and Nash Equilibrium Points with Stability Conditions
	5|Conclusion
	Acknowledgments
	Author Contribution
	Funding
	Conflicts of Interest
	References

